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At present, metal hydrides are considered highly promising materials for phonon-mediated super-
conductors, that exhibit high values of the critical temperature. In the present study, the super-
conducting properties of the compressed selenium hydride in its simplest form (HSe) are analyzed,
toward quantitative characterization of this phase. By using the state-of-art Migdal-Eliashberg for-
malism, it is shown that the critical temperature in this material is relatively high (Tc=42.65 K)
and surpass the level of magnesium diboride superconductor, assuming that the Coulomb pseu-
dopotential takes value of 0.1. Moreover, the employed theoretical model allows us to characterize
other pivotal thermodynamic properties such as the superconducting band gap, the free energy,
the specific heat and the critical magnetic field. In what follows, it is shown that the character-
istic thermodynamic ratios for the aforementioned parameters differ from the predictions of the
Bardeen-Cooper-Schrieffer theory. As a result, we argue that strong-coupling and retardation ef-
fects play important role in the discussed superconducting state, which cannot be described within
the weak-coupling regime.
Keywords: superconductivity; high-pressure effects;
thermodynamic properties; hydrogen-based materials
I. INTRODUCTIONS
Among many applications, hydrogen is expected to
have potential in building high temperature phononic su-
perconductors [1]. In general, one can distinguish two
representative phases of superconducting hydrogen with
respect to the applied pressure, namely the molecular
phase (in the range from ∼ 300 to ∼ 500 GPa) [2–4] and
the atomic phase (above ∼ 500 GPa) [5–7]. In the molec-
ular phase, hydrogen is predicted to yield critical temper-
ature (TC) value well above 100 K in the regime of strong
electron-phonon coupling i .e. the electron-phonon cou-
pling constant (λ) is expected to be higher than 0.5 [2–4].
On the other hand, above 500 GPa the molecular metal-
lic hydrogen converts into the atomic phase, where the
electron-phonon coupling constant can be anomalously
high (λ > 2) [5–7].
However, the main downside of using only pure hydro-
gen in building the high temperature superconductors
is the requirement of applying relatively high pressure.
It turns out that the implementation of other elements
into the hydrogen can considerably reduce such pressure
requirements, so that they can be reached under labora-
tory conditions. This statement is based on earlier pre-
dictions of Ashcroft [1, 8], suggesting that the high tem-
perature phonon-mediated superconducting state may be
induced in the hydrogen-rich compounds under high pres-
sure. Specifically, Ashcroft predicts that introduction of
the heavier atoms into the metallic hydrogen should al-
low to lower metallization pressure and still retain rela-
tively high Tc values. However, besides many theoretical
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investigations in this field [9], the scientists have exper-
imentally obtained only several compounds that deserve
attention [10–14]. Therefore, further corresponding in-
tensive theoretical and experimental studies are still de-
sirable.
In details, the most interesting representatives of the
hydrogen-based compounds are: PtH [10, 15, 16], SiH4
[11, 17], H3S [12, 18], PH3 [13, 19], and LaH10 [14, 20].
Nonetheless, the discovery of superconducting state in
sulfur hydride (H3S) was the initial breakthrough in the
research on the phonon-mediated hydrogen-based super-
conductors. Specifically, Drozdov et al. reported record-
high, at that time, superconducting critical temperature
(Tc) of 203 K in the ultradense phase of H3S [12]. As
a result, investigations made by Drozdov et al. moti-
vated further studies on other similar hydrogen-based
compounds, aimed at the higher critical temperature val-
ues or lower metallization pressures. A natural candi-
dates for such an investigations are hydrides containing
other chalcogens, which are isoelectronic to sulfur. In this
context, recent studies on elemental chalcogen supercon-
ductors suggest that selenium exhibits closest properties
of the superconducting state to sulfur, among all chalco-
gens [21, 22]. Moreover, both corresponding hydrides
are strong-coupling and phonon-mediated superconduc-
tors with properties strongly dependent on pressure [23].
This facts additionally indicates that Bardeen-Cooper-
Schrieffer (BCS) theory [24, 25] may not be proper in
the description of such superconducting phases [26].
In reference to the above, we provide the theoretical
analysis of selected superconducting properties of the se-
lenium hydride superconductor (HSe), the simplest rep-
resentative of the selenium-based hydride superconduc-
tors. Herein, we consider that HSe is exposed to the
external pressure of 300 GPa, a level of compression
that assures thermodynamic stability of the system and
relatively high electron-phonon coupling (λ=0.79) [23].
Hence, this theoretical study attempts to provided new
2contribution to the field of research on superconductiv-
ity in hydrides. In particular, such approach may result
in a much more detailed understanding of the underlying
physics of the superconducting state induced in chalcogen
hydrides. Due to λ > 0.5, the presented investigations
are conducted within the Migdal-Eliashberg formalism
[27, 28], that allows to obtain quantitative predictions of
the thermodynamics in phonon-mediated superconduc-
tors exhibiting high values of the electron-phonon cou-
pling constant [26, 29]. For example, mentioned method-
ology has been already employed in terms of the research
on H3S systems [18] but also pure chalcogen supercon-
ductors (the Se and Te systems [22]) with a great results.
Specifically, this work concentrates on the temperature-
dependent behavior of the pivotal parameters that de-
scribes HSe superconductors, such as the superconduct-
ing band gap, specific heat or the critical magnetic field.
II. THEORETICAL MODEL
To describe the thermodynamic properties of the se-
lenium hydride at 300 GPa, we employ the Migdal-
Eliashberg equations in the isotropic approximation form
[26–28]. When solving these equation on the imaginary
axis, it is possible to determine two pivotal parameters,
namely the order parameter (∆n = ∆(iωn)) and the
wave function renormalization factor (Zn = Z (iωn)),
given as:
∆nZn =
pi
β
(1)
×
M∑
m=−M
K (iωn − iωm)− µ
⋆θ (ωc − |ωm|)√
ω2mZ
2
m +∆
2
m
∆2m,
and
Zn = 1 +
1
ωn
pi
β
M∑
m=−M
K (iωn − iωm)√
ω2mZ
2
m +∆
2
m
ωmZm, (2)
where β = 1/kBT is the inverse temperature, calcu-
lated with respect to the Boltzmann constant (kB),
that allows us to set the the Matsubara frequency
as ωn = (pi/β) (2n− 1). Moreover, K (z) =
2
∫ ωmax
0
d
(
α2F (ω)ω
) [
(ωn − ωm)
2 + ω2
]
and defines the
electron-phonon paring kernel. Therein, the α2F (ω) de-
notes the electron-phonon spectral function, convention-
ally refereed to as the Eliashberg function. Its form is
adopted here from the study of Zhang et al. [23], where
the function was calculated within the linear-response
theory via Quantum-ESPRESSO package. To this end,
in Eq. (1), the electron-electron depairing interactions
are modeled by the Coulomb pseudopotential (µ⋆) pa-
rameter, defined as µ⋆ ≡ µ⋆θ(ωc − |ωm|), where θ is the
Heaviside function.
The Eliashberg equations on the imaginary axis are
solved here by using the self-consistent iterative pro-
cedures developed previously in [30]. The stability of
the numerical procedures is reached at around the 2201
Matsubara frequencies, assuming T0 = 4 K and the
phonon frequency cut-off (ωc) equal to 10ωmax, where
ωmax = 203.66 meV and denotes the maximum value of
the phonon frequency defined by the adopted α2F (ω)
function. Finally, µ⋆ is set to 0.1, as suggested by
Ashcroft for the hydrogen-based superconductors [8].
To improve predictions on the order parameter, the
Eliashberg equations are additionally solved on the real
axis in the framework of the Pade´ analytic continuation
method [31]. In what follows, the ∆ (ω) parameter on
the real axis is given as [31]:
∆ (ω) =
p∆1 + p∆2ω + ...+ p∆rω
r−1
q∆1 + q∆2ω + ...+ q∆rωr−1 + ωr
, (3)
where p∆j and q∆j denote numerical coefficients, along
with r = 550. In a result we can write the temperature-
dependent order parameter as [28], [26]:
∆ (T ) = Re [∆ (ω = ∆(T ) , T )] . (4)
On the basis of Eq. (3), the superconducting energy band
gap at the Fermi level reads: ∆g = 2∆(0), where ∆ (0) ≃
∆(T0).
III. NUMERICAL RESULTS
In the first step, the imaginary-axis solutions of the
Eliashberg equations (see Eqs. (1) and (2)) let us deter-
mine the dependence of the maximum value of the order
parameter (∆m=1) on temperature. The corresponding
results are depicted in Figure 1 (A). Here, we remind that
the order parameter at 0 K corresponds to the half-width
of the energy gap on the Fermi surface. The first ther-
modynamically stable results are obtained for the tem-
perature T ≥ T0 = 4 K. But since this solution still be-
longs to the characteristic low-temperature plateau, we
can assume that ∆m=1(4K) = ∆m=1(0K). In what fol-
lows, we observe that the maximum value of the energy
gap in HSe at 300 GPa is equal to ∆g = 14.12 meV. In
addition to this finding, the Figure 1 (A) allows us to
identify the critical temperature value (Tc) in the con-
sidered superconductor. This is done by arguing the fact
that the order parameter takes on the zero value at the
critical temperature, marking the superconductor-metal
phase transition. In our case, the obtained critical tem-
perature value is Tc = 42.65 K.
To supplement results presented in Figure 1 (A), in
Figure 1 (B) we plot the order parameter as a function
of the Matsubara frequencies, for the selected values of
temperature. Note, that all presented functions become
practically saturated above 150 Matsubara frequencies
and have lorenzian shape. Moreover, with the increase
of the temperature, ∆m is decreasing, which means that
smaller number of the Matsubara frequencies contributes
to the solutions of the Eliashberg equations. In this con-
text, results presented in Figure 1 (B) confirm high accu-
3racy of the calculations conducted initially at 2201 Mat-
subara frequencies.
The above statement on the numerical accuracy is ad-
ditionally reinforced in the case of the wave function
renormalization factor and its temperature-dependent
behavior on the imaginary axis, as presented in Figure
2 (A) and (B). The obtained estimates show that the
maximum value of the Zm=1 function is slightly increas-
ing when the temperature gets higher. As a result, the
wave function renormalization factor behaves similarly to
the order parameter in terms of the Matsubara frequen-
cies dependency (see Figures 1 (B) and 2 (B)). However,
this behavior can be additionally related to the effective
mass of electrons (m∗e) through the following relation
m∗e/me ≃ Zm=1, where electron band mass is denoted
by me. In what follows, the obtained value for the dis-
cussed compound is Zm=1 ≃ 1.8. We note that this value
coincides with the estimates calculated from the approx-
imate relation given by Zm=1 = 1+λ (for λ = 0.79 [23]),
and again reinforces accuracy of the numerical results
obtained here.
To determine the precise value of the superconducting
energy gap at the Fermi level we conduct the calculations
on the real axis. The dependence of the order parameter
on the phonon frequency (ω) is presented in Figure 3.
Specifically, plots therein depict the real and imaginary
part of order parameters as obtained for the selected five
representative values of temperature. For convenience,
the Re[∆(ω)] and Im[∆(ω)] functions are imposed on the
scaled Eliashberg function in the range ω ∈ 〈0,Ωmax〉.
As can be seen from the Figure 3, the obtained
Re[∆(ω)] and Im[∆(ω)] functions are directly related to
the shape of the Eliashberg function, despite the selected
temperature. In what follows, the order parameter takes
on the highest values in the ω region where α2F (ω) func-
tion also presents noticeable maxima. Nevertheless, from
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FIG. 1. (A) The maximum value of the order parameter as
a function of the temperature. (B) The order parameter for
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FIG. 2. (A) The maximum value of the wave function renor-
malization factor as a function of the temperature; (B) The
wave function renormalization factor for the selected values
of the temperature, as function of the Matsubara frequencies.
the physical point of view, the most significant are the
values of the order parameter at low ω values, because
they give the major contribution to the superconducting
energy gap. It is also important to note that the imagi-
nary part of the order parameter takes on the zero values
in the range of ω ∈ 〈0, 50〉 meV, suggesting no damping
effects exist for this range of frequencies. Based on the
results presented in Fig. 3, the predicted values of the ∆g
is 14.24 meV, which is only slightly higher than the esti-
mation made in terms of the imaginary axis calculations
(∆g = 14.12 meV).
To allow comparison between our predictions and other
estimates it is convenient to determine the characteristic
and dimensionless ratios, that appear in the Bardeen-
Cooper-Schrieffer (BCS) theory of superconductivity [24,
25]. The first of such parameters is the one defined on the
basis of the order parameter (R∆). By using the order
parameter value at the real axis the corresponding ratio
can be written as:
R∆ ≡
2∆ (0)
kBTc
. (5)
In our study, the Eq. (5) gives R∆ = 3.84, and notably
exceeds the BCS theory predictions of R∆ = 3.53.
Similar dimensionless ratios can be calculated for the
critical magnetic field (HC), as well as the the specific
heat difference between the superconducting and normal
state (∆C(T )). However, first it is instructive to char-
acterize above thermodynamic parameters. In what fol-
lows, the free energy difference between superconducting
and normal state should be calculated in this respect.
Herein, the ∆F parameter, normalized with respect to
the electron density of states at the Fermi level (ρ (0)), is
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assumed in the following form [32]:
∆F
ρ (0)
= −
2pi
β
M∑
n=1
(√
ω2n +∆
2
n − |ωn|
)
(6)
× (ZSn − Z
N
n
|ωn|√
ω2n +∆
2
n
).
In the above equation the ZSn and Z
N
n terms denote the
wave function renormalization factors for the supercon-
ducting state and the normal state, respectively. The
functional behavior of ∆F/ρ (0) parameter, in terms of
the temperature, is depicted in the lower panel of Fig-
ure 4 (A). One can observe therein, that ∆F/ρ (0) func-
tion takes only negative values, suggesting thermody-
namic stability of the discussed superconducting phase
for T ∈ 〈T0, Tc〉. In addition, by using above results the
critical magnetic field can be now computed from the
formula:
Hc√
ρ (0)
=
√
−8pi [∆F/ρ (0)]. (7)
We note, that the thermodynamic critical field strictly
depends on the free energy difference and takes the posi-
tive values in the entire temperature range, as presented
in the upper panel of Figure 4 (A). Moreover, in both
cases, the ∆F and HC functions are equal to zero at the
critical temperature. Hence, for T > Tc the supercon-
ducting state disappears. To this end, the specific heat
difference between superconducting state and the normal
state (∆C ≡ CS − CN ) is estimated on the basis of the
formula:
∆C (T )
kBρ (0)
= −
1
β
d2 [∆F/ρ (0)]
d (kBT )
2
, (8)
where the specific heat in the normal state is given by:
CN (T )/kβρ(0) = γ/β, assuming that the Sommerfeld
constant is written as γ = 2
3
pi2(1 + λ). In Figure 4 (B)
the temperature-dependent behavior of the specific heat
of the superconducting state is presented in comparison
to the normal specific heat. One can note a characteris-
tic drop of the CS function at the critical temperature,
which is physically relevant effect.
Based on the results given in Figure 4 (A) and (B)
the two remaining thermodynamic ratios are determined
according to the following relations:
Rc ≡
∆C(Tc)
CN (Tc)
, (9)
and
RH ≡
TcC
N (Tc)
H2C(0)
. (10)
In case of HSe we obtain Rc = 1.83 and RH = 0.155.
Note, that in the framework of the BCS theory, the Rc
and RH parameters take the universal values equal to
Rc = 1.43 and RH = 0.168, respectively.
5IV. CONCLUSIONS AND SUMMARY
In the present paper we have analyzed the thermo-
dynamic properties of the HSe compund at 300 GPa,
to provide qualitative description of its superconducting
phase. The numerical calculations were conducted within
the Miglad-Eliashberg formalism for the specific value of
the Coulomb pseudopotential equal to µ∗ = 0.1.
During the analysis it was found that the critical tem-
perature in HSe is relatively high (Tc=42.65 K) and sur-
pass the magnesium diboride level by few Kelwins. High
values of physical parameters were also found in terms of
the superconducting energy gap and the effective mass of
electrons. The employed theoretical formalism allowed
us also to characterize such thermodynamic properties of
the HSe as the free energy, the specific heat and the criti-
cal magnetic field. In reference to the obtained results we
have estimated the characteristic thermodynamic ratios
of the aforementioned parameters and found that their
values strongly differ from the predictions of the BCS
theory. As a result, we argue that the superconducting
state is HSe is noticeably governed by the strong-coupling
and retardation effects and cannot be properly described
within the BCS theory. For convenience our numerical
findings are summarized in Table I.
TABLE I. The most important thermodynamical parameters
describing superconducting HSe under pressure of 300 GPa.
Quantity Unit HSe
p GPa 300
max - 1100
µ⋆ - 0.1
λ - 0.79
Ωmax meV 203.66
Tc K 42.65
T0 K 4
∆g (Im axis) meV 14.12
∆g (Re axis) meV 14.24
R∆ - 3.84
Rc - 1.83
RH - 0.155
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